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COMPUTER SIMULATION OF THE PROCESS OF MANUFACTURING  
FLAT INGOTS OF THERMOELECTRIC MATERIALS BASED  

ON Ві2Те3 BY VERTICAL ZONE MELTING METHOD 

The results of the development of a computer model for optimizing the process of manufacturing flat 
ingots of thermoelectric materials based on Ві2Те3 using the vertical zone melting method are 
presented. The created model allows one to study the dependence of the crystallization front shape 
on various technological parameters – the geometric dimensions of the heater and coolers, their 
temperatures, speed of movement, etc. This makes it possible to carry out multifactorial optimization 
of technological modes and equipment design, significantly reducing the material costs and time 
required for conducting similar experimental studies. Bibl. 19, Figs. 3. 
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Introduction 

The practical use of thermoelectricity today is implemented in three main directions - cooling 
devices, thermoelectric generators and measuring equipment. For all these areas, the main 
thermoelectric materials used are alloys based on Ві2Те3, since it is solid solutions based on bismuth 
telluride that have the best thermoelectric properties in the temperature range of 200 – 600°K [1 – 6]. A 
lot of attention is paid to the improvement of methods of obtaining such materials [7 – 14]. 

One of the most common industrial methods of growing polycrystalline thermoelectric materials 
based on Ві-Те is the method of vertical zone melting. The quality of the obtained material is affected 
by various factors, for example: impurity distribution coefficient; length of the molten zone; zone 
movement speed; degree of mixing of the molten zone; heater temperature, etc. A structurally 
homogeneous crystal can be obtained only by selecting the optimal growing conditions. The curvature 
of the crystallization front, which is the main technological characteristic of growth, has a great influence 
on the quality of the obtained thermoelectric material. The shape of the crystallization front can be 
convex in the liquid phase, flat or concave in the solid phase. The most favourable for growing single 
crystals with a low density of defects is a flat crystallization front. The shape of the crystallization front 
is determined by the radial and axial temperature gradients in the ingot during growth. 

Computer simulation of the process of growing thermoelectric materials allows one to study the 
dependence of the crystallization front shape on various technological parameters, significantly reducing 
material costs and research time required to ensure the growth of crystals of the required quality. 

The papers [15, 16] present the results of computer simulation of the process of vertical zone 
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melting of thermoelectric material in the form of rods with a round cross-section; in particular, the 
influence of the temperature and dimensions of the heater, the growth rate and other process parameters 
on the shape of the crystallization front is investigated. The paper [17] examines the possibility of 
growing single crystals of thermoelectric materials by the method of vertical zone melting in the 
presence of electric current passing through the ingot. 

An interesting opportunity to improve the structure of the material and reduce technological 
defects when cutting ingots into thermoelements is the production of ingots in the form of flat rods. The 
creation of technology for the production of such ingots requires multi-parameter optimization of 
controlled parameters of the growing process. 

Therefore, the purpose of this work is to create a computer model of the process of manufacturing 
flat ingots of thermoelectric materials based on Ві2Те3 by the method of vertical zone melting. 

1. Physical model of vertical zone melting process 

The physical model of growing flat ingots of thermoelectric materials based on Ві2Те3 by the 
method of vertical zone melting is shown in Fig. 1. 

 

Fig. 1. Physical model of growing thermoelectric materials by vertical zone melting: 1 – thermoelectric 
material; 2 – container; 3 – quartz inserts; 4, 6 – coolers; 5 – heater; 7 – material in the solid phase 

(structurally oriented crystal); 8 – crystallization front; 9 – melt zone; 10 – melt front;  
11 – material in the solid phase (polycrystal). 

The figure shows a fragment of an ingot, which includes polycrystalline material 11, a molten 
zone 9 and a single crystal 7. The ingot is placed in a container 2. With the help of a heater 5 and a 
system of coolers 4 and 6, a molten zone 9 is formed, which, moving together with the heater along the 
ingot, ensures the melting of the polycrystal and the crystallization of the melt below the boundary 8, 
which is called the crystallization front. 

In Fig. 1: Th is heater temperature; Tc is the temperature of coolers; Q1 is heat flow transferred 
from the heater to the container; Q2 is heat flow transferred from the container to the coolers; Q3 is heat 
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flow transferred from the container to the environment; RT is contact thermal resistance between the 
walls of the container and the thermoelectric material; v is the speed of movement of the thermal unit; d 
is ingot diameter; a is the thickness of the container wall. To improve the structure of the material, it is 
proposed to add special quartz inserts to the container, which will form a flat rod of thermoelectric 
material with a thickness of h. 

2. Mathematical and computer models of vertical zone melting process  

The COMSOL Multiphysics package of application programs [18] was used for computer 
simulation of the process of growing the thermoelectric material Bi2Te3 [18], which allows simulating 
almost all physical processes described by algebraic and partial differential equations. For this, it is 
sufficient to use ready-made modules of the corresponding physical phenomenon. If necessary, the 
researcher can change the equation built into the COMSOL module, or set his own. The numerical 
calculation is carried out using the finite element method [19]. 

The simulation of the movement of the heater and coolers in the COMSOL Multiphysics system 
was carried out by using the Moving Mesh module, which allows changing the mesh during calculations 
of non-stationary processes. 

The temperature distribution in the studied sample was found from the solution of the differential 
equation of thermal conductivity, supplemented by the dependences of the physical properties of the 
studied material, as a function of the phase state at a given point at a given temperature: 
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 κ ൌ θκ௣௛௔௦௘ଵ ൅ ሺ1 െ θሻκ௣௛௔௦௘ଶ, (6) 

where ρ is the density, 𝐶௣ is the heat capacity of the material, κ is the thermal conductivity, 𝑢 is the 

velocity of the medium which is zero in the problem under study, T is the temperature, θ is the phase 

ratio at a given temperature, α௠ is the mass ratio between the phases, 𝐿 is the latent heat of the phase 

transition, 𝑄 is the external heat flow. The 𝑝ℎ𝑎𝑠𝑒1 and 𝑝ℎ𝑎𝑠𝑒2 indices indicate which phase the 

properties belong to, the solid phase or the liquid phase, respectively.  
To account for radiation heat transfer, a Surface-to-Surface Radiation boundary condition is added 

to the Heat Transfer in Solids physics interface in COMSOL Multiphysics by selecting the outer 
boundaries of the container and thermal unit: 

 െ𝑛ሺെκ∇𝑇ሻ ൌ εσ௕ሺ𝑇௘௫௧
ସ െ 𝑇ସሻ, (7) 

where 𝑇௘௫௧ is the wall temperature of the thermal unit; 𝑇 is the temperature of the container wall, 𝑛 is 
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the vector directed along the normal to the surface of the cylinder (container); ε ൌ ቀ ଵ
கభ
൅

ଵ

கమ
െ 1ቁ

ିଵ
 is 

the reduced radiation coefficient of the system, εଵ is the radiation coefficient of the thermal unit, εଶis 

the radiation coefficient of the container; σ௕ is the Stefan-Boltzmann constant. 

Convection and mass transfer of molten Bi2Te3 are not taken into account. 
To carry out calculations, the geometric dimensions of the system elements, the initial 

temperatures of the heater and coolers, the liquidus and solidus temperatures of the thermoelectric 
material based on Bi2Te3, as well as the temperature dependence of the properties of the grown material 
are specified in the created computer model. 

3. Results of computer simulation 

 

Fig. 2. Typical temperature distribution in a setup for growing thermoelectric materials  
using the vertical zone melting method. (h = 16 mm; d = 24 mm; a = 3 mm; hh = 2d; hc = 1d;  

Th = 840℃; Tc = 30℃; v = 0.5 cm/h). 

An example of temperature distribution in the sections YZ (x = 0) and XZ (y = 0) for given 
growing conditions and geometric dimensions (h = 16 mm; d= 24 mm; a = 3 mm; hh = 2d; hc = 1d; 

Th = 840℃; Tc = 30℃; v = 0.5 cm/h) is given in Fig. 2, an example of crystallization front shape in these 

sections at different heater temperatures (h = 16 mm; d = 24 mm; a = 3 mm; hh = 2d; hc = 1d; Tc = 30℃;  
v = 0.5 cm/h) – in Fig. 3. 
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Fig. 3. The shape of the crystallization front in sections XZ (y = 0) and YZ (x = 0) for different temperatures  

of the heater Тh (h = 16 mm; d = 24 mm; a = 3 mm; hh = 2d; hс = 1d; Tc = 30℃; v = 0.5 cm/h). 

The created computer model allows one to determine the optimal geometry of the container, the 
dimensions of the heater and coolers, their temperatures, the speed of movement of the heating unit and 
other technological parameters and to develop the technology of growing flat ingots of thermoelectric 
materials based on Ві2Те3 without significant costs for the production of a large number of parts of 
different geometries. and experimental studies. 

Conclusions 

1. A computer model has been developed to optimize the process of manufacturing flat ingots of 
thermoelectric materials based on Bi2Te3 using the vertical zone melting method. 

2. The created computer model allows one to study the dependence of the crystallization front shape 
on various process parameters (geometric dimensions of the heater and refrigerators, their 
temperatures, speed of movement, etc.) and thus carry out multifactorial optimization of 
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technological modes and equipment design, significantly reducing material costs and time, which 
are necessary for conducting similar experimental studies. 
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КОМП’ЮТЕРНЕ МОДЕЛЮВАННЯ ПРОЦЕСУ ВИГОТОВЛЕННЯ  

ПЛОСКИХ ЗЛИТКІВ ТЕРМОЕЛЕКТРИЧНИХ МАТЕРІАЛІВ НА ОСНОВІ Ві2Те3 
МЕТОДОМ ВЕРТИКАЛЬНОЇ ЗОННОЇ ПЛАВКИ 

Представлено результати розробки комп’ютерної моделі для оптимізації процесу 
виготовлення плоских злитків термоелектричних матеріалів на основі Ві2Те3 методом 
вертикальної зонної плавки. Створена модель дозволяє досліджувати залежності форми 
фронту кристалізації від різних технологічних параметрів – геометричних розмірів 
нагрівника та холодильників, їх температур, швидкості руху тощо. Це дає можливість 
проводити багатофакторну оптимізацію технологічних режимів та конструкції 
обладнання, суттєво знизивши матеріальні витрати і час, що необхідні для проведення 
аналогічних експериментальних досліджень. Бібл. 19, рис. 3. 
Ключові слова: моделювання, вертикальна зонна плавка, термоелектричний матеріал, 
телурид вісмуту. 
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