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Universal Relation for Thermoelectric Figure of Merit of Two-Phase Composites

In the paper, a universal expression for the effective thermoelectric figure of merit of a composite
two-phase material is found based on the isomorphism method. It is shown that to determine the
effective thermoelectric figure of merit, a set of values of local kinetic coefficients of the phases,
namely electrical conductivity, thermal conductivity, and thermoEMF, and the effective value of
the thermoEMF coefficient is quite sufficient to use. To determine the thermoelectric figure of
merit, it is not necessary to know the effective coefficients of electrical conductivity and thermal
conductivity. Therefore, the effective figure of merit does not depend on the choice of
approximation (effective medium approximation (EMA), flow theory, Maxwell approximation,
etc.) for calculating the effective values of electrical conductivity and thermal conductivity.
Keywords: composites, isomorphism theory, effective thermoelectric properties, effective
thermoelectric figure of merit.

Introduction

Thermoelectric figure of merit is a key parameter that determines the efficiency of
converting thermal energy into electrical energy and vice versa. In modern technologies, where
the main directions are sustainable development and energy saving, the control of
thermoelectric properties of materials, in particular composite materials, is of primary
importance. Composite materials, due to the possibility of targeted selection of components and
structure, open up broad prospects for optimizing thermoelectric figure of merit and creating

efficient thermoelectric converters.
A high thermoelectric figure of merit indicates the ability of a material to efficiently
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convert energy. This property is significant in such areas as the conversion of heat generated
by industrial installations, cooling of electronic devices, and many others. Composites enable
combining materials with high thermoEMF, low thermal conductivity, and high electrical
conductivity, which ensures optimization of a thermoelectric material.

It should be emphasized that there is a direct relationship between the thermoelectric
figure of merit and the efficiency of a thermoelectric device. The higher the figure of merit, the
closer the efficiency to the theoretical limit is. Thus, an optimization of the figure of merit
directly leads to an increase in the energy efficiency of thermoelectric systems.

The aim of the paper was to establish a universal relation for the effective figure of merit
of a randomly inhomogeneous medium, i.e., a composite, thus connecting it to the effective
coefficient of thermoEMF.

2. Effective kinetic coefficients of thermoelectric composite materials

Let us consider a sample of volume " with macroscopically random heterogeneity of the
properties of the medium, by which we will understand such a medium in which locally, in the
vicinity of each point of the medium, phenomenological expressions can be written, namely
local relations between the vectors of electric current density j, heat flux density q, temperature
gradient VT and electric field strength E, in the form [1-3]

j=cE+yg

, 1
s=YE+yg (1)

where s=q/T, g=-VT, y=ac, y=cd’ +;, o, o, k are coefficients of thermoEMF,

electrical conductivity and thermal conductivity. Local kinetic coefficients o(r), o(r), k(r)
depend on the coordinate r and in the case of a two-phase composite take the values a1, 61, k1
in the first phase and o2, 62, k2 in the second one.

For the stationary case under consideration, the following conditions are fulfilled

divj=0, divs =0, rotE =0, rotg =0. (2)
The properties of a heterogeneous medium as a whole are described by the effective

kinetic coefficients o, e, K., Which by definition connect the local thermodynamic fields E
and g averaged over the volume V with the flows j and s by the following relations

(i)=c.(E)+7.(g)

; &)
()=1.(B) 1. {e)
where v, =0,0,, x, =c,0’+ ];f and <...> denotes averaging over volume, namely
(y=1V[ .av. 4)

Calculation of effective kinetic coefficients is a complex problem, and its exact solution
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for inhomogeneous thermoelectric media in the entire region of phase concentrations with
different values of local kinetic coefficients has no solution. There exist various approximations
that, in some cases, allow obtaining approximate concentration expressions for effective
coefficients. In the case of a two-phase composite, the concentration p denotes the relative
volume of the first phase in the sample of the material.

One of the most important parameters of an inhomogeneous medium is the local
dimensionless thermoelectric figure of merit [3, 4], determined by the formula

2
(o104

/T =

T. (5)
K

To describe composite materials, the effective figure of merit should be determined as

2
z1=22 1, (6)
K

e

that in addition to knowing the local kinetic coefficients, demands calculation of the effective
coefficients oL, o, Ke. We will demonstrate that for a two-phase randomly inhomogeneous
medium, being generally isotropic, the effective thermoelectric figure of merit can be
determined by establishing the value of only one of the effective kinetic coefficients, namely
the effective coefficient of thermoEMF.

3. Isomorphism method

Calculation of effective kinetic coefficients in thermoelectric media is possible in various
approximations, however, there is a so-called isomorphism method, whose details are described in
[3], where all references to primary sources for this method are provided. The idea of the method is
to move from a double-flow problem, in this case with flows j and s, which are determined by
relations (1), to some single-flow problem. This allows obtaining, in some cases, expressions for the
effective coefficients of a thermoelectric composite, having determined the properties of the single-
flow problem.

Let us present the isomorphism theory necessary for further relations. By introducing some
constant K, (1) can be written in the form

j+Ks=(c+Ky)E+(y+Ky)g. (7)
. Y+ Ky )
The definition ® = should be used to obtain
c+Ky
j+Ks=(c+Ky)(E+o-g). (8)

Based on (8), one can enter a single-flow system with flow i and field g, specified by the
relations

i=j+Ks, e=E+o-g. 9)
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In the new single-flow system (9), as in the double-flow system, equations for the flow and
field similar to (2) must be satisfied, namely

divi=0, rote=0. (10)
These equations will follow from (2) if we require that the introduced constants K and ® do not

depend on the coordinates, that is, they are the same for each of the two phases: K = K; = K.
This requirement leads to the following condition

Y+ Ky v+ Ky,

= . (11)
c,+Ky, o,+Ky,
Thus, having determined from (11) two possible values of the constants K, 1 K,
\/ 2
X201 = %10, & (X261 - chz) -4 (Xﬂ’z — XYy )(chz — 720 )
K1,11 = 5 (12)

2 (X1Y2 — X2V )

and two constants w; and wy, according to (8) we pass from the double-flow problem (1) — (2)

to the single-flow problem with the local coefficient f(r), which is written in the form

i(r)=/(r)-g(r), where f(r)=o(r)+Ky(r). (13)

A reverse transition also exists, which means the presence of isomorphism.
The effective coefficient of a single-flow system is determined similarly to (3), i.e.

(i(r))=r"(e(r)). (14)

Now, averaging (9), taking into account the presence of two constants K,and K, , we will
have

(3K, ()= 17 (E) o (). o

() + Ky (s) =1 ((E)+ o, (g)),
whence obtain

. KIIj}E _K[j}; KUfJE(D[ _Klf;(’oll
1= E)+ g);
() Keli ol () Kalior oo N

e _ e C’m _ Cw
<S>= f[ f11 <E>+ f] 1 fH I <g>
Ku - K] Ku - K1
By comparing (16) and (3), we obtain the relationship between the effective coefficients of the
single-flow and double-flow systems in the following form:
G = K//fle _Klf}j — K11f160)1 _Klfljmu — f/eml _fljmu .

5 5

e ye Xe
K[I - K[ KII - KI KII - KI

(17)
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In this case, the equalities ®, K, =—-1land w, K, =—1 were used, which must be satisfied so that
the matrix of effective coefficients in (16) is symmetric, i.e. the condition is satisfied

Kyfro,—K, /1o, — S =Ju '
K[/ _K[ K// _KI

(13)

4. Universal relation for effective figure of merit
The effective kinetic coefficients f;°, f,; of a single-flow system can be determined using

various approximations, for example, Maxwell's approximation [1-3], effective medium
approximation (EMA) [5-7], flow theory methods [1, 3]. However, the relations (17) between the
single-flow and double-flow systems enable obtaining the relationship for the effective
thermoelectric figure of merit of the two-phase composite without using these approximations. For
this purpose, based on (13) and (14), let us write

fi=0,+Ky,, f,=0,+Ky,, fi=0,+Ky,, fr=0.+K,y,. (19)
By substituting (19) in ¥, , one can find from (17) the following:

W, — Oy + KI(’OI — (’OIIKI]

Yo = c, . (20)
K, —K, K, —K,
Considering that o, =—1/K,,, ®,=-1/K, and y_ = ];f (1+Z,T), the following is obtained

1 _1+(K,+KH a,

1+ = 21
zZ,T K, -K,o @
In conformance with (12), it can be shown that
K, K, = Y19, —¥,5; ’ K, +K, = X201 — %19, _ (22)

Xi¥2 — XY, XiY2 =AYy

Thus, substituting (22) into (21) and taking into account the notations y1, y2, %1, %2, we finally
find the following expression for the effective figure of merit of the two-phase composite:

(az —-Q )Oti

1 1
o (I-FZT](OLZ —a, )+, (IJFZTJ(O% —o,)—(o, —a,)a

ZT = (23)

1 2

where Z1T and Z>T are dimensionless figures of merit of the first and second phases.

This relation can be called universal, for it provides an opportunity to determine the
effective figure of merit of a two-phase composite without any of the above approximations.
To do this, it is enough to know the figure of merit and thermoEMF coefficients of individual
phases and, e.g., to experimentally estimate only the effective value of the thermoEMF
coefficient of the composite, the methods of measuring which are simpler and more accurate
than those for other thermoelectric parameters of the composite.

To confirm the above theory and the validity of the universal relation (23), we calculated
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the dependence of Z.7T(a..) of the effective figure of merit on the effective thermoEMF in two
ways, namely by formula (23) and by calculating in the effective medium approximation
(EMA). For example, we used a composite whose first phase is a metal with thermoelectric
parameters o1 = 10® V/K, 61 =5-10° Ohm'm™!, x; =40 W/mK, the second phase is a
thermoelectric material with parameters az =2-10* V/K, 62 =10°> Ohm'm™, o =2 W/mK,
2T = 0.6, being close to the parameters of BioTes-based alloys at a temperature of 7= 300 K.

To calculate Z.T(o.) in the EMA, the concentration dependences of the effective
thermoEMF coefficients a.(p), electrical conductivity c.(p), thermal conductivity k.(p) and the
figure of merit Z.7(p), where p is the concentration of the first phase in the composite, were
calculated in the first place. The results are illustrated in Fig. 1. It should be noted that similar
concentration dependences can be obtained by applying other approximations and, obviously,
they will differ [3].

a,, pV/K 6,0 'm"
250 ; 3 ; ; 10’ ‘
200
150 | H H |
T s v —
100 : : 1
50
0 5 : : . .
10
0 0.2 0.4 0.6 0.8 1
p
b)
K,, Wm-K zZT
; 0.8
o
20
T S o
0 : : : : : ! ; :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
p p
¢ d)

Fig. 1. Concentration dependences of the effective coefficients of the two-phase composite,
calculated in EMA. a) thermoEMF a.(p), b) electrical conductivity c.(p),
¢) thermal conductivity x.(p), d) figure of merit Z,T(p)

Using the concentration p as a parameter, the dependence Z.7'"(a.) is built according to
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the data in Fig. 1a and 1d, which is shown in Fig. 2. The same figure presents a similar
dependence Z.7?(c.), calculated with the universal relation (23), which does not depend on
the approximation chosen for calculating the concentration dependences of the effective kinetic

coefficients of the composite. As expected, both dependences Z.7(a..) coincide.

zT

e

0.6

i o 5
0.4 | S— , ZJSN S —

e e

0 100 200
a,, pV/K
Fig. 2. Dependences of the effective figure of merit of the composite
on the effective thermoEMF. 1 — Z.T(o..) dependence, calculated in the EMA,

2 — Z.T® (o), dependence, calculated using the universal relation

Conclusions

For a two-phase randomly inhomogeneous composite with isotropic kinetic coefficients,
the isomorphism method is applied and an analytical universal relation between the effective
thermoelectric figure of merit and the effective thermoEMEF coefficient is obtained. It is shown
that the relationship between these effective parameters does not depend on the approximation
used to calculate the concentration dependences of the effective kinetic coefficients of the
composite and can be easily established using the obtained universal expression.
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YHiBepcaibHe CHIBBIITHOLIEHHS 1JISl TEPMOEJIECKTPHYHOT
A0OPOTHOCTI ABO(aA3ZHMX KOMIIO3UTIB

Y pobomi na ocnosi memooa izomop@izmy 3HalideHo YHigepcanbHUl eupas Onsl eexmueHol
mepMoeneKmpuiHoi 00opomMHOCMI KOMRO3UMHO20 080dazHo2o mamepiany. Ilokasano, wo ons
BUBHAYEHHS e(eKmUBHOI mepMoeIeKmpUudHOi 00OPOMHOCME 00CMAMHbLO HAOOPY 3HAYEHb
JIOKQIbHUX KIHeMUYHUX Koepiyienmis (as, a came eieKkmponpogioHOCmi, MenionposioHoCi,
i mepmoEPC, ma egexmusnoco snauenns roeiyicnma mepmoEPC. Jlna eusnauenns
mepmMoenekmpuyHoi  00OpomHocmi  He NOMPIOHO  3Hamu  ehekmusHi  Koeghiyienmu
eNeKmponposiOHocmi  ma  menionpogionocmi. Biomax  epexmuena dobpomuicme  He
3anexdcums  6i0 6UOOPY HAOIUdNCEHHS (Meopii cepeOHb020 Nos, Mmeopii NpPOMIiKaHHs,
HabOaudxcenns Makceeiia ma iHwti) 015t 00UUCTIeHHS, eheKMUBHUX 3HAUEHb e1eKMPONPOBIOHOCI
ma menionposiOHOCHIL.

KarouoBi cioBa: xommo3utd, Teopis i13oMopdi3My, e(QEeKTHBHI TEepPMOEIEKTPUYHI
BJIACTHBOCTI, €EKTHBHA TEPMOCIIEKTPUYHA JOOPOTHICTb.
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