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the behavior of the effective conductivity o, with a change in the concentration of phases occurs when the
concentration of the first phase o is equal to pc~=1/3. At the same time, the value of the percolation
threshold p. of real composites can be different depending on their structure, which is related to their
fabrication technique.

In [11], a modification of the Bruggeman — Landauer approximation was presented, which allows one to

specify any percolation threshold p, for the problem of calculating the effective conductivity.

The objective of this work is to modify the self-consistent approximation for calculating the effective
thermoelectric properties of composites (Bruggeman-Landauer approximation for thermoelectric
phenomena) and to show the influence of the assigned percolation threshold on the effective properties of
two-phase thermoelectric composites.

The article is organized as follows: in the first section, we consider the Bruggeman-Landauer
approximation and its modification based on [11]. In the second section, the system of thermoelectric
equations is rewritten in a convenient form for constructing the Bruggeman-Landauer approximation and a
modification of the approximation is proposed. From the obtained results it follows that the thermoelectric
figure of merit, depending on the percolation threshold, has a maximum, which is an interesting
consequence for experimental verification. In the third section, we present the calculation of effective
properties in the “anomalous” case, where an unusual behavior of the effective conductivity is observed.

Modification of the Bruggeman-Landauer approximation in the effective
conductivity problem

The Bruggeman-Landauer approximation can be written as

o, -0, o, -0,

(1-p)=0, (1)

20,+0, 20,+0,

where o) is the first phase conductivity, o, is the second phase conductivity.

The effective conductivity obtained from solution (1) describes well the entire concentration range.
With greater inhomogeneity, at 61/ 62>>1 close to concentration p=p.=1/3 there is a sharp change in the
concentration behavior of o, which qualitatively describes the percolation behaviour (an analogue of the
second-order phase transition). Naturally, such a “simple” approximation as (1) cannot completely describe
percolation laws. For example, the critical indices o. close to p. obtained from (1) [1, 11]. Their numerical
value t=¢g=1 differs from the percolation (=2 and ¢=0.73).

According to modification [11], the Bruggeman-Landauer approximation (1) is replaced by

o-e_al O-e_az
20, + 0 20 + o
A py =% (1-p)=0, 2)
I+e(p,p)~— l+c(p,p) >
20, \ 20, +0,

where c(p, p, ), the Sarychev-Vinogradov term, is of the form

B N-F
C(p,ﬁc)=(1—3ﬁc)[~£] C(f_—}f} © 3)

c

and p,is the preassigned percolation threshold.

40 Journal of Thermoelectricity Ne3, 2019 ISSN 1607-8829



A. Snarskii, P. Yuskevich
Effective medium theory for the thermoelectric properties of composite materials with various...

According to (2), 0. (p) at h=c,/6,—0 close to p, has the same exponential behavior, as in the standard

Bruggeman-Landauer approximation (1)

o(p)~o(p-b.),0,=0, p>p,,

-9

o,(p)~o,(p.—p)", 0,=0, p<p,, 4)

where critical indices =1 and g=1.

Modification of the Bruggeman-Landauer approximation for thermoelectric phenomena

In the case of thermoelectric phenomena we write the local relation between the electric current j, heat
flux density ¢, temperature gradient VT and electric field strength £ in the form [8, 12]

j=oE+oa(-VT),

g=0'05E+K1+ZT

(=VT), )

where o,k are electric conductivity and thermal conductivity, a is differential thermoEMF, and

2
oo

ZT=""1T, (6)

K

thermoelectric figure of merit (the loffe number) Z multiplied by temperature.

Local kinetic coefficients o, k, a are coordinate-dependent and in the case of a two-phase composite
take on the values o1, k1, a; in the first phase and 62, k2, 0z - in the second.

The properties of composite as a whole are assigned by the effective kinetic coefficients relating by
definition the volume average “currents” — electric j and thermal q to “forces” — electric field E and

temperature gradient VT

@ = 0.0, (E) 4k, TZeT (-vT), 7
where
2
Z - o.a,
K

Systems (5) and (7) can be written in matrix form, convenient for further consideration

(<q>j/TJ::a KlG*}T [@@)J ®)

ISSN 1607-8829 Journal of Thermoelectricity Ne3, 2019 41



A. Snarskii, P. Yuskevich
Effective medium theory for the thermoelectric properties of composite materials with various...

Note that in this record, as it must be according to Onsager’s principle [12, 13], the matrix of kinetic
coefficients is symmetric. Similarly, for the effective values

j o, o.Q, <E>
= . 9
@ oa K€1+feT [_ J )

Introduce a generalized current i and a generalized force e

i:[<q>j/fj’ e{ﬁ%}’ o

A

which are interrelated by the matrix of local kinetic coefficients €2

o oa

i=Qe, Q= 1+ZT > (11)
oa K

and similarly for volume average currents and forces
(i)=0, (e). (12)

In matrix notation, a self-consistent approximation of thermoelectric problem (analogue of the
Bruggeman-Landauer equation) can be written as [2]

—a, 0,-0,
~—p+———=(1-p)=0, (13)
+Q, 20, + 2( )

e

Q,
2Q),

where expressions of the type 1/ (2f2€ + f)l ) are understood as multiplying on the right by the inverse

matrix.
Here, we (similarly to [11]) propose the following modification of a self-consistent approximation (13)
for thermoelectric problem

a -6 a -6,
2f2 +f2 2@ +f2
c 1+ c—2——(1-p)=0. (14)
Lt e(p.p) 2™ po(p ) et
)6 a P56 ta,

Note at once thatat p, =1/3 Eq.(14) goes over to standard approximation (13).

Fig.1 shows the concentration dependences of 6., ke, ¢, ZT for various p, .
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Fig. 1 Concentration dependences of effective conductivity, thermal conductivity, thermoEMF
and figure of merit. The values of coefficients in the phases were selected [15] :
for the first phase — 61=5-10° Ohm'm!, «1=36.1 W/(mK), 0.=0 V/K
for the second phase — 5:=10°> Ohm™'m!, ,=0.963 W/(mK), 0,=173 -10°

As can be seen from Fig. 1, the effective conductivity increases with the addition of a better conductive
phase, as it must be. Effective thermal conductivity behaves similarly. Accordingly, the effective
thermoEMF decreases when a phase with a lower thermoEMF is added. It can also be seen from Fig. 1 that,
for example, for effective conductivity, all lines behave identically, however, the region is shifted in which
there is a sharp increase in conductivity, or, in other words, the percolation threshold is shifted. The
thermoelectric figure of merit (the loffe number) decreases monotonically, as it must be, when the first
phase with a lower thermoelectric figure of merit is added.

It can be strictly shown that in the case of #.=6,/6,—0 and 4~ i/ K1—0, ceand K. either become equal
to zeroato;=0and k;=0and p — p,, ordivergeat ;= and k; =ccand p = p,.

As follows from (14), the values of effective coefficients at a given concentration p of the first phase
depend on the percolation threshold of composite p, . The closer concentration p to p. , the more significant
is this dependence, but even at lower concentrations, the difference occurs.

Fig. 2 shows the dependences of effective coefficients o, Ke, 0, Z.T on the value of p,_ for different

values of p-concentration of the first phase.
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Fig. 2 Dependences of effective kinetic coefficients on the percolation threshold ]~?C

at a given concentration p of the first phase. The values of coefficients in the
phases were selected the same as in Fig. 1.

Fig. 2 shows that the value of effective conductivity, at a given concentration, decreases with increasing

the threshold p, . The effective thermal conductivity behaves similarly. It is also noteworthy that, at a given
concentration, with increasing the threshold p, , the thermoelectric figure of merit (the Ioffe number) also

increases, but at large p_ the maximum is noticeable and the growth changes to a small drop. It would be

interesting to verify the existence of such a maximum experimentally and to determine whether this
maximum is an “artifact” of our modification.

Modification of the Bruggeman-Landauer approximation for thermoelectric phenomena in
the “anomalous” case

Correction (3) introduced in the Bruggeman-Landauer approximation (2) suggests that the conductivity

of the first phase is greater than the conductivity of the second phase 6, > .. In this case, at p, given in

(3), the percolation threshold that can be found when solving (2) will be equal to the preassigned p, = p, .
Subject to the inverse inequality 6> > o1, correction (3) should be changed.

At a1 = 02 =0, i.e. in the absence of thermoelectric phenomena, the effective medium approximations
(13) or (14) are divided into two independent — one for electric conductivity, the other — for thermal
conductivity. In the case when 61> o, and ;> «» these independent equations includes the same

correction ¢(p, p,). However, in the opposite case, when 61> o2, but k1 > k3, corrections for 6. and k.
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should be different. In the general case, when a; # oy, this difference remains and modification (13) (14)
assumes a more complex form.

QQ—QI QE—QZ
20, +0, 20, +Q,
0+ 2——(1-p)=0, (15)
1+C( )M 1+C( )%
PP)ye o PP)ye o
where
AL ¢, (p,p.) 0
c<p,pc>=[ PP ) j (16)
0 c.(p,p.)

and corrections ¢_(p, p,) and ¢, (p, p,) in (16), depending on the ratios o1/ cu k1 / K are of different

form. In the case when 6, > o, and k; < K the correction c_(p,p,) remains the same — (3), and

c.(p,p.) is given by
Ck(p,ﬁc)=[1—3(1—ﬁc)][~£j (1‘—”) . (17)
D 1-p,

Fig. 3 shows the concentration dependences of Ge, ke, 0, Z.I for different values of percolation
threshold.

c
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Fig. 3. Dependences of effective thermoEMF and figure of merit on the concentration
p of the first phase at a given percolation threshold p .. The values of

coefficients in the phases were selected the same as in Fig. 1.
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One of such materials for which the Wiedemann-Franz law — high conductivity, but low thermal
conductivity - is violated significantly, is described in [16].
Fig.4 shows the dependences of effective properties on the value of percolation threshold.
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Fig. 4. Dependences of effective thermoEMF and figure of merit on the percolation
threshold ﬁc at a given concentration P of the first phase. The values of coefficients in

the phases were elected the same as in Fig. 1.

Just as in the usual case, the effective figure of merit has a maximum.

Discussion

The figure below shows the dependences of effective conductivity and thermal conductivity on the
concentration and percolation threshold in the “anomalous” case. It should be noted that effective

conductivity has an unusual behavior: when a phase with good conductivity is added, effective conductivity

first decreases, and then begins to grow. It seems interesting to experimentally verify whether this is a

defect in the theory, or whether such conductivity is actually observed in real composites.
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Fig. 5. Dependences of effective thermoEMF and figure of merit on the percolation
threshold [76 at a given concentration P of the first phase.

The values of coefficients in the phases were selected the same in Fig.1.

Conclusions

This paper considers a modification of effective medium theory (self-consistency method) for
thermoelectric phenomena in the case of a preassigned percolation threshold. Such a modification was first
proposed in [11] for the description of galvanomagnetic phenomena and was used for the description of a
series of experimental results [9-11,17]. In [18], the modification was used in the proposed approach of
“mobile percolation threshold” to describe the magnetodielectric effect and the peculiarities of magnetic
permeability of magnetoelastomers, in [19,20], to describe a gigantic magnetoelastic effect.

A similar modification is proposed here for a system of equations describing thermoelectric phenomena
in macroscopically inhomogeneous two-phase composites.

The results obtained can be used for the description of thermoelectric properties of composites with
different structures corresponding to different percolation thresholds.
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A. CHapchKuid 0ok. ¢hiz.-mam. nayx, npoghecop'?,
II. FOcbkeBuy'

"HamionaneHuii TexHiunmi yHiBepcuTeT YKpainn
"KuiBchKuit momiTeXHiYHUH iHCTUTYT iMeHi Irops Cikopcbkoro"”,
npocnekT [lepemoru 37, 03056 Kuis, Ykpaina,
asnarskii@gmail.com
’[actTutyT IpobaeM peectpaii indopmanii HAH Vkpainu,
ByJ. H. [llmaka 2, 03113 Kwuis, Ykpaina

TEOPIA CEPEJHbOI'O ITOJIA AJISA
TEPMOEJEKTPUUYHHUX BJJACTUBOCTENA KOMIIO3UTHUX
MATEPIAJIIB 3 PI3BHUMH ITIOPOI'AMMU ITPOTIKAHHA

B pobomi nobyoosarno mooughikosany meopiio egpekmugroz2o cepedoguiya 01 00UUCTIeHb ePeKmUBHUX
KIHeMU4HUX Koeqiyienmie  MepMOeNeKmpUYHUX KOMNO3UMI6 3 DIHUMU 3HAYEHHAMU Nopocie
npomixanusa. Iloxkasano, wo Hagimev 3a KOHYeHMpayil NO3a KPUMUYHOIO O0ONACMIO 8eIUYUHA NOPOZY
icmomua 015 GusHAYeHHs eheKMuUeHUX eracmueocmel. Pozenanymo 06a npuHyunogo pisHux unaoKu
Habopy noKanbHux enacmugocmeti komnosumy. OOun 3 HUX, KOJAU NPOBIOHICb | MenionposioHicmo
OOHI€l 3 (haz 00HOYACHO OinbWIA 3a NPOGIOHICMb MaA MEenIonposionicms Opyeoi ¢asu. /lpyeuil,
AHOMANbHULL BUNAOOK, KOJU eleKmponpogioHicms nepuioi ¢asu (G1) Oitvua 6i0 Opyeoi, ane
MenIonposionicms neputoi gasu meruia 8i0 Opyeoi, NOKA3ye He36UHAUHY KOHYESHMPAYIIHY NO8EOiHKY
epexmusHoi nposioHOCMi, MOOMO NpPU 3POCMAHHI YaACmMKU 000pe NposioHOl (aszu eghexmusHa

NpoGIOHICMb Ge OeMOHCMPYE 3MEHUEHHS, d He 3POCMAHHS K ) CIAHOApmHOMY 8unaoky,( ous. puc.la),
axke npu P = P, nepexodums 6 spocmanns. bion. 5, puc. 5.

KirouoBi cjioBa: TepMOeIeKTpUKa, TEOPis MPOTIKAHHS, MOPIr MPOTIKAHHS, KOMIIO3UTH, €(hEKTHBHI
BJIACTUBOCTI.

A. CHapckmii 0ok. uz.-mam. nayx, npogeccop'?,

I1. FOcbkeBUY'

"HanmonanbHbIi TeXHHYECKNH YHUBEPCHTET YKPaUHBI
“KueBckuit monuTexHU4eckuii ”HCTUTYT uMeHu Urops Cukopckoro”,
npocnekT [To6enst 37, 03056 Kues, YkpauHa,
asnarskii@gmail.com
*MHcTuTyT npobiaeM peructpanun nHGopMarmu HAH Yikpannsr,
yi. H. llnaka 2, 03113 Kues, Ykpauna

TEOPUA CPEJHEI'O ITOJIA AJISI TEPMOJJIEKTPUYECKHUX
CBOMCTB KOMIIO3UTHBIX MATEPHUAJIOB C PA3JIMYHBIMUA
IHOPOI'AMM ITPOTEKAHUA
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B pabome nocmpoena mooupuyuposannas meopus 3pexkmusHou cpedvbl 0N BLIYUCTEHUL
ahpexmusnbix CBOUCME MEPMOINEKMPUUECKUX KOMNOUMOB C PA3TUYHbIMU 3HAYEHUIMU NOPO2O8
npomexanusi. [lokazano, umo 0agice npu KOHYEHMPAYUsx 6He KPUMUYECKOU 0OIACmU 6eIULUHA NOPO2a
cywecmeenna 075t onpeoeneHus dhpexmusnvix ceoticms. Paccmompensl 06a npunyunuaibHo pasHuix
cayyas Habopa JNOKANbHBIX ceoticme Komnosuma. QOOun U3 HUX, K204 NPOBOOUMOCHb U
MenIonpo8oOOHOCMb O0OHOU U3 (a3 00HOBPEMEHHO O00Jble NPOBOOUMOCHU U MENIONPOBOOHOCTNU
emopotl ¢pazvl. Bmopoii, anomanvHulil cayuail, Ko2oa 31eKmponposooOHoCHb nepeoll ¢aswvl (Gi) boavuue
8MOpOU, HO MENIONPOBOOHOCHb Nepeoll  (Pasbl MeHblle 8MOPOU, HNOKA3bleaem HeobbvlyHble
KOHYEHMPAYUOHHOe NoGedeHue 3PHexmueHol nposooumMocmu, m.e. Npu GO3PACMAHUU XOPOUIO

npogoosiujeli gazvl dhpexmusnas nposoouMocms O, NOKA3bIBAem NnadeHue (a He pOCm KAK 6
cmanoapmuom ciyuaem, cm. puc.la), komopoe npu p = p_. nepexooum 6 pocm. bubn. 5, puc. 5.

KaoueBbie ciioBa: TSPMODIICKTPUUECTBO, TEOPHSI MPOTEKAHKS, TOPOT MPOTEKAHMUS, KOMITO3UTHI,
3 PeKTUBHBIC CBONCTBA.
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