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Theory of Dipole-Exchange Spin Waves in a Ferromagnetic Nanotube
in the Presence of a Thermoelectrically Induced Spin-Transfer Torque

A theoretical study of dipole—exchange spin waves in a conducting ferromagnetic nanotube
subjected to a longitudinal temperature gradient is presented. The temperature gradient
via the Seebeck effect generates an electric current, which becomes spin-polarized in the
ferromagnet and gives rise to a spin-transfer torque acting on the magnetization. The
magnetization dynamics is described within the Landau—Lifshitz—Gilbert framework
augmented by the Zhang—Li torque terms corresponding to adiabatic and nonadiabatic
spin transport. An analytical dispersion relation for spin waves in a thin-walled nanotube
with uniaxial anisotropy is derived, taking into account both exchange and dipolar
interactions. It is shown that the thermoelectrically induced spin-polarized current leads
to a Doppler-like shift of the spin-wave spectrum and modifies the effective damping. A
critical temperature gradient is obtained at which the nonadiabatic torque compensates
the intrinsic Gilbert damping, resulting in the onset of spin wave generation. Numerical
estimates for Permalloy nanotubes demonstrate that the effect can be significant for
experimentally accessible parameters. The results reveal a direct coupling between
thermoelectric charge transport and spin-wave dynamics in curved magnetic
nanostructures, highlighting the potential of ferromagnetic nanotubes as elements of spin-
caloritronic and thermoelectric devices.
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Introduction

Spin waves (magnons) in magnetically ordered media remain a subject of sustained
theoretical and experimental interest due to their fundamental importance and their potential
applications (in particular, in magnonics and spintronics) [1, 2]. In nanoscale magnetic systems,
the properties of spin waves are strongly affected by geometry, boundary conditions, exchange
interaction, dipole—dipole interaction, magnetic anisotropy, and dissipation effects [1-3]. In
particular, nanosystems possessing one-axis translational symmetry — such as magnetic
nanowires and nanotubes — represent an important class of waveguiding structures for spin
excitations.

Magnetic nanotubes have been synthesized relatively recently and have already
demonstrated promising applications in nanomagnetism and magnetobiology [4, 5]. However,
compared to thin films and planar multilayers, spin-wave phenomena in nanotubes remain less
extensively studied. In previous works by the authors, dipole-exchange spin waves in
ferromagnetic nanotubes of circular and elliptic cross-sections in the presence of a spin current
[6, 7] were investigated within the framework of the linearized Landau-Lifshitz equation in the
magnetostatic approximation. In these studies, the influence of a spin-polarized electric current
was incorporated via the Slonczewski-Berger spin-transfer torque term [8, 9], as the spin current
was assumed to be generated by an externally applied electric current. However, in recent years
considerable attention has been devoted to thermally driven spin transport phenomena,
including Seebeck-induced spin-polarized charge current, spin Seebeck effect and related spin-
caloritronic effects [10—12]. In a conducting ferromagnet subjected to a temperature gradient,
an electric current arises due to the Seebeck effect. If the conduction electrons are spin-
polarized, this thermoelectric current is accompanied by a spin current, which can exert a spin-
transfer torque on the local magnetization [13, 14]. Thus, a temperature gradient can indirectly
influence spin-wave dynamics through a Seebeck-induced spin current.

From the viewpoint of thermoelectricity, magnetic nanostructures often operate under
conditions of non-uniform temperature distributions [15]. However, to the best of our
knowledge, a systematic theory of dipole-exchange spin waves in a ferromagnetic nanotube
driven by a thermoelectrically induced spin-polarized current is still lacking.

From an applications viewpoint, the possibility of controlling the spin-wave spectrum by
a temperature gradient is relevant to several current directions in magnonics [1, 16]. Frequency
tuning and nonreciprocal propagation are important for reconfigurable magnonic waveguides,
directional couplers, and diode-like elements, while control of the effective damping is directly
related to spin-wave amplification, loss compensation, and auto-oscillatory magnon sources.
These functionalities are, in turn, of interest for spin-wave logic, interferometric processing,
reservoir computing, and other low-power magnonic information-processing schemes
[1, 16-19]. Recent roadmaps on magnonics and 3D nanomagnetism also emphasize cylindrical
and curvilinear magnetic architectures as promising platforms for waveguiding, symmetry
breaking, and nonreciprocal spin-wave transport.

The aim of the present work is to develop a theory of dipole-exchange spin waves in a
uniaxial ferromagnetic nanotube in the presence of a spin current induced by an axial
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temperature gradient. We consider a one-layer ferromagnetic nanotube in which the
temperature gradient generates an electric current via the Seebeck effect; this current, being
spin-polarized, produces a spin-transfer torque that is incorporated into the linearized Landau-
Lifshitz equation. Exchange interaction, dipole-dipole magnetic interaction, uniaxial
anisotropy, and Gilbert damping are taken into account. Using the magnetostatic
approximation, we derive the equation for the magnetic potential of spin excitations and obtain
the dispersion relation for such waves.

Special attention is paid to the influence of the temperature gradient on the real and
imaginary parts of the spin-wave frequency. We show that the temperature gradient modifies
both the real part of the frequency (Doppler shift) and the effective damping of the spin wave;
we derive the condition under which the thermoelectrically induced spin-transfer torque
compensates intrinsic dissipation, leading to spin-wave amplification or generation. In this way,
the present work establishes a theoretical connection between thermoelectric transport and spin-
wave dynamics in cylindrical ferromagnetic nanostructures.

Problem statement

Let us consider a ferromagnetic nanotube whose length is much larger than its outer
radius, so that the system can be regarded as possessing a one-dimensional translational
symmetry along its axis. The nanotube is assumed to be composed of a uniaxial ferromagnet of
the “easy-axis” type. The easy axis of the ferromagnet is directed along the symmetry axis of
the nanotube. For convenience, we choose this direction as the Oz axis of the cylindrical
coordinate system, see Fig. 1.

temperature /

gradient

Fig. 1. Nanotube investigated in the paper
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The nanotube is placed in an external homogeneous magnetic field H((,e) directed along the
same axis. Under these conditions, the equilibrium magnetization My of the ferromagnet is also
directed along the nanotube axis. We assume that the ferromagnetic material is characterized
by the exchange interaction constant a, the uniaxial anisotropy parameter [3, the saturation
magnetization Mo, and the gyromagnetic ratio y. Dissipative effects are taken into account using
the Gilbert damping parameter o;.

We consider a temperature gradient VT applied along the nanotube axis. The nanotube is
considered to be a part of a closed thermoelectric circuit, so that the temperature gradient
generates a stationary electric current via the Seebeck effect [13, 14]. Since the electrical
transport in a ferromagnet is spin dependent, the thermoelectric transport must be described
within the framework of the two-current model, in which electrons with spin parallel and
antiparallel to the magnetization propagate in separate transport channels characterized by
different conductivities and thermopowers.

In this two-current model for a closed circuit, the electric current densities for the two
spin channels are

Jr=—05VI,  ji=-0,5VT,

where oy, 0, and S;, S; are the conductivities and Seebeck coefficients for the majority and
minority spin channels, respectively. Here, we use the ideal short-circuit approximation and
neglect the self-consistent electrostatic field. The total electric current density in the nanotube
is | = j; + j, while the corresponding spin current (to be exact, spin-polarized charge current)
density J; = j; — j;. As a result, the thermoelectric current in a conducting ferromagnet is
generally spin-polarized. The degree of spin polarization of the thermoelectric current can be
characterized by the parameter
_hi—h
T+

Thus, the thermoelectric current flowing along the nanotube axis carries spin angular
momentum and may interact with the magnetization of the ferromagnet through the spin-
transfer torque mechanism.

A possible additional contribution to the spin transport in the considered system is the
purely magnon spin current generated by the temperature gradient (spin Seebeck effect). In
contrast to the electron-mediated spin current discussed above, this current is not associated
with charge transport and is carried by nonequilibrium magnons. In the diffusive
approximation, such a current is usually described by the relation

Jm = =0m Vi, — G VT,
where o, is the magnon spin conductivity, u,, is the magnon chemical potential, and (,,, is the
magnon spin Seebeck coefficient. If magnon accumulation is weak, this expression reduces to

jm ~ _ZmVT-
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However, unlike the spin-polarized electric current, the magnon current contributes to the
local magnetization dynamics only through its nonuniformity, i.e. through divj,,, or via
interfacial spin conversion. Therefore, in a sufficiently homogeneous conducting nanotube with
an approximately uniform axial temperature gradient, its influence is additionally reduced by
the factor d /L), where d is the nanotube wall thickness and L, is the characteristic magnon
relaxation length. The magnon contribution may thus be neglected when

2e ¢y d
A P10S Lyel

<1,

where Pr, 0, and S characterize the thermoelectrically induced spin-polarized electric current.
This condition is typically fulfilled for thin metallic nanotubes with high electrical conductivity,
moderate thermoelectric spin polarization, and weak axial nonuniformity of the magnon
subsystem. Hence, in the first approximation, it is reasonable to restrict the analysis to the
electron-mediated thermoelectric spin-transfer mechanism.

Let us note that the presence of the above-mentioned longitudinal electric current
generates a magnetic self-field that should, in general case, be taken into account by adding

corresponding term to the external magnetic field H(()e). This self-field is, evidently, azimuthal

and non-uniform (growing monotonically from 0 on the internal nanotube surface to the

21, (b*-a?)
bc

vacuum). Let us assume that the external magnetic field and equilibrium magnetization My both

maximum value Hg'™* = on the external surface, here ¢ is the light velocity in

have big enough values so that Hg'** < Hée), Hg'** < 41tM,. Under these conditions the self-

field can be neglected, which simplifies the research essentially. After taking into account the
relation | = —(0151 + 0,5,)VT = —oSVT (here o is the total electric conductivity and S is the
total Seebeck coefficient), one can obtain that the self-field can be neglected if the relations for
the temperature gradient

2noS(b?

—a2 2
D YT « H®, 2moS(b®-a’)
bc

_aZ)
e VT < 4mtM,,
fulfill.

Let us study spin waves propagating along the nanotube axis of the above-described
nanotube. Since the system under consideration has nanoscale dimensions, the exchange
interaction can significantly influence the spin-wave spectrum. Therefore, the description of
spin waves must include both the magnetic dipole-dipole interaction and the exchange
interaction. The corresponding excitations are thus described within the framework of dipole-
exchange spin-wave theory.

Let us use linearized spin wave theory and, thus, consider small deviations of the
magnetization from its equilibrium value. The magnetization of the spin wave m and the
magnetic field of the wave h are assumed to be small perturbations of the equilibrium

magnetization My and the equilibrium internal magnetic field H(()i), respectively. Thus, the total

magnetization and internal magnetic field can be written as

M=M,+m,|m|<M,|
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HO = HY + h, | h |« H |

which allows applying the linearized theory of spin waves.

In the theoretical description of the system, the influence of the thermoelectric current is
taken into account through the spin-transfer torque term in the Landau-Lifshitz equation. In
contrast to the case of externally injected electric current considered in earlier studies [6, 7], the
current in the present system arises due to the temperature gradient via the Seebeck effect.
Consequently, the density of the electric current in the nanotube is determined by the
thermoelectric transport parameters of the material.

The main goal of the proposed paper is to investigate dipole-exchange spin waves
propagating along the axis of a ferromagnetic nanotube in the presence of a spin current induced
by a temperature gradient. Within the framework of the linearized Landau-Lifshitz equation in
the magnetostatic approximation, we derive the equation for the magnetic potential of spin
excitations in such a system and obtain the dispersion relation for the corresponding spin waves.
Particular attention is paid to the influence of the thermoelectrically induced spin current on the
spin wave dynamics, including effective damping of the spin waves and the conditions for their
amplification and generation.

System of equations for a spin wave

In order to describe spin waves in the system under consideration, let us use the Landau—
Lifshitz equation for the magnetization vector. In the absence of spin current and dissipation
this equation can be written in the form [20]

oM M X H. ]
— X ,

ot 14 eff.

where y is the gyromagnetic ratio and H¢ is the effective magnetic field inside the ferromagnet.
After accounting for the magnetic dipole—dipole interaction, the exchange interaction, the
magnetic anisotropy, and the external magnetic field, one can obtain the effective field in the

form
H. = H® 4+ ¢AM + fn(Mn).

Here n is a unit vector directed along the anisotropy axis (in our case coinciding with the unit
vector e,).
Let us consider energy dissipation in the system by introducing the Gilbert damping term

oM

ag
M ot |

T; = o [M X
and the influence of the spin current on the magnetization dynamics — by introducing the spin-
transfer torque term in the Zhang-Li form.

In contrast to earlier papers by the authors [6, 7] where the spin-polarized current was
assumed to be externally applied by the electric spin-polarized current, in the present system,
the spin-polarized current arises due to the Seebeck effect. In the framework of the model
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described in the previous section, the spin-polarized charge current density /¢ can be expressed
as

0151—0,S)

Js =Pr] = ] = —(0181 — 0, 5)VT, (1)

o0151+0,S)

where Pr is the thermoelectric spin-polarization parameter defined in the previous section.
In the previous papers by the authors, the influence of a spin-polarized current on the
magnetization dynamics was described by the Slonczewski-Berger spin-transfer torque term [6, 7]
eyhJ

SB ZW[M X (M X ep)],
0

where ] is the current density, dis the effective thickness of the magnetic layer, e,is the unit
vector of spin polarization of the injected carriers, and ¢ is the spin-transfer efficiency. Such a
form is natural for magnetic multilayers and spin-valve-type systems, where the current first
passes through a polarizing magnetic layer and then enters another ferromagnetic layer whose
magnetization dynamics is studied. In that situation, the torque arises due to the absorption of
the transverse component of the injected spin current at the interface with the ferromagnet. In
other words, only that part of the carrier spin which is not collinear with the local magnetization
can transfer transverse angular momentum and produce a torque on the magnetic subsystem. If
the polarization direction e, is parallel to the magnetization, the double vector product vanishes
and the Slonczewski-Berger torque is absent.

For the nanosystem considered in the present paper, however, this physical picture is not
realized. We study a single conducting ferromagnetic nanotube in which the current is generated
thermoelectrically by a temperature gradient applied along the nanotube axis. Such a current is
not injected from an external magnetic polarizer and does not cross an interface between two
magnetic subsystems with different magnetization directions. Instead, it is generated inside the
same ferromagnet in which the spin wave propagates. Since the conduction bands of a
conducting ferromagnet are exchange-split, the thermoelectric current is spin-polarized already
in the bulk of the nanotube. Nevertheless, this spin polarization is determined by the same local
exchange field that determines the equilibrium magnetization. Therefore, in the equilibrium
state of the present system, where the magnetization is directed along the nanotube axis O,, the
spin polarization of the thermoelectric current is also directed predominantly along this axis.
Thus, the current flowing in the nanotube is, in the first approximation, a longitudinal spin-
polarized current whose polarization is parallel to the equilibrium magnetization. Such a current
does not create an interfacial transverse-spin torque of Slonczewski-Berger type. This is the
principal physical reason why the use of the Slonczewski-Berger term, appropriate for the
previous papers, is not justified for the present one-layer nanotube system.

Instead, the influence of the current in a single conducting ferromagnet must be described
in the framework of the theory developed by Zhang and Li [21]. In this approach, the current-
induced torque appears because conduction-electron spins are transported through a spatially
nonuniform magnetization texture and exchange angular momentum with it. In the adiabatic
approximation, the electron spin follows the local direction of magnetization while drifting with
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the current. If the magnetization varies in space, this transport of spin polarization leads to a
convective transfer of magnetic texture and gives rise to the so-called adiabatic spin-transfer
torque. In addition, because the tracking of the magnetization by the conduction-electron spin
is not perfectly exact, spin relaxation and spin dephasing produce a small misalignment between
the carrier spin and the local magnetization. This gives rise to the nonadiabatic spin-transfer
torque, which has a different symmetry and often plays a role analogous to an additional
damping-like contribution.

In terms of the magnetization vector M, the current-induced part of the Landau-Lifshitz
equation should therefore be written as

T, = —(u-V)M +Mi[M X (u-V)M],

where ¢ is the nonadiabaticity parameter and u is the spin-drift velocity. The first term is the
adiabatic Zhang-Li torque, and the second term is the nonadiabatic Zhang-Li torque. In the
present problem the charge current flows along the nanotube axis, so that u = u, e,. The
quantity u, is proportional to the spin-polarized part of the charge current density. It is
convenient to write it in the form

KB, _ Prip

Yz = eMojs eM,

Jz»

where [, is the total thermoelectric charge current density along the nanotube axis,

= —(onS; + a,S)) o _ S or
Jz=—(@S +a8) == —05 =,
where o is the total electric conductivity and S is the total Seebeck coefficient, and the spin-
polarized charge current density /¢ has only Oz-component:

o T oT
Js=jr—ji = (018 — 01505 = —0SPr s

Therefore, in contrast to the previous papers, the current enters the equations not through an
interfacial polarizer vector e,, but through the drift velocity u, proportional to the
thermoelectric charge current inside the ferromagnet itself.

After linearizing, one can obtain the following expressions for the adiabatic and
nonadiabatic term, correspondingly:

t,yu=—7>--"J/,—, t =& —— e, X 5—
ad eMO ZaZ nad EeMo z 0z

Prug =~ 0m Priip om
_ 1, :
The adiabatic term leads to a drift-type modification of the dispersion law, usually interpreted
as the current-induced spin-wave Doppler shift [22], whereas the nonadiabatic term modifies
the dissipative part of the dynamics.
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Taking into account the exchange interaction, anisotropy, dissipation, and the spin-

transfer torque, as well as the relation H(()i) ~ H(()e) (which implies from the form of the
demagnetizing coefficients for a tube as long as the external magnetic field is directed along
the nanotube axis), the Landau—Lifshitz equation for the magnetization perturbation can be
written as

om _ 1 2 (@)
Frin M, X |h + aAm + n(mn) — W(B(Mon) +MoH, )m +t; + tog + ta
0

with the linearized Gilbert damping term having the following form:

Let us consider the magnetization and magnetic field perturbations in the form of
harmonic oscillations:

m(r, t) = my(r)e’t,
h(r,t) = hy(r)e®t.

Substituting these expressions into the linearized Landau-Lifshitz equation and taking into
account that the equilibrium magnetization is directed along the z-axis, one can obtain

(e)
. Prug , 0mg H, . oG PTup 0mg
+—J,—= X + — B+ —i—= +—=/,—
iom, o . P y[Moez (ho aAm, (B g Lo @ m, oz )28 5,

)

In order to obtain a closed system of equations for the magnetization and magnetic field
perturbations, let us use the magnetostatic approximation. In this approximation the magnetic
field of the spin wave can be represented as the gradient of a scalar magnetic potential:

h = —V®. Substituting this into the Maxwell equation divh = —4mdivm leads to the
following relation for the magnetic potential:

AP — 4mdivm = 0.
For harmonic perturbations this equation takes the form

here ®(r,t) = &y (r)el®t.

The obtained system of equations (2) and (3) establishes the relationship between the
magnetization perturbation and the magnetic potential of the spin wave. By eliminating the
magnetization perturbation from these equations, one can derive the equation for the magnetic
potential and obtain the sought dispersion relation for dipole—exchange spin waves in the
nanotube in the presence of a thermoelectrically induced spin-polarized current.
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Equation for the magnetic potential

Let us now derive the equation for the magnetic potential of the spin wave in the nanotube.
Since the system under consideration has cylindrical symmetry, it is convenient to use
cylindrical coordinates (p, 0, z), where the z-axis coincides with the axis of the nanotube. The

equilibrium magnetization My, the external magnetic field Hée), and the temperature gradient
are all directed along this axis.
After substitution of (3) into (2) and taking into account the relations hg = —V®,

oT .
J, = —oS 5, one obtains

om H® o Ks€E Om

where the following parameter is introduced for the sake of convenience:

PT U oSoT

Kg = ———.

s eM, 0z
The dependence of the magnetization perturbation on the z-coordinate is assumed to be
harmonic: mg~exp(—ikz), % = —ik;my. Thus, the linearized form of the Landau-Lifshitz

equation can be rewritten as

where the parameter

(e)
H Og Ks§
B =PB+———i——w—i—2ky.
“ M, YM, YM, !
After some transformations analogous to the ones performed in the earlier papers by the authors
[6, 7], one can obtain the equation for the magnetic potential of the spin wave in the following

form:

%@,
0z2

— By —aA)(A + Br — ad) | AD, + 4 (By — ad)

[(‘Dﬂskn)z .

y2M§

where the above-introduced parameter kg characterizes the influence of the thermoelectrically
induced spin current on the magnetization dynamics.

Equation (4) describes the spatial distribution of the magnetic potential of dipole—
exchange spin waves in the investigated nanosystem. It should be noted that in the absence of
spin current (kg = 0) this equation reduces to the corresponding equation obtained earlier by
the authors for dipole—exchange spin waves in cylindrical ferromagnetic waveguides (see, e.g.,
[23]). The presence of the thermoelectric spin current modifies the equation through the
frequency shift w — w + Kgk||, which reflects spin-wave Doppler shift observed and analyzed
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in current-carrying ferromagnets (see, e.g., [22]), and through a modification of the effective
damping of the spin waves.

In the following section we will solve Eq. (4) in cylindrical coordinates and obtain the
dispersion relation for spin waves propagating along the axis of the nanotube.

Dispersion relation and condition of spin-wave excitation

Let us obtain the dispersion relation for the investigated spin waves. Equation (4) for the
magnetic potential is written in cylindrical coordinates (p, 0, z), therefore in the regiona < p < b
occupied by the nanotube, it admits a solution in the form

D4(p,0,2) = [A)s(kyp) + ANs(kp)]expli(sO — ky2)],
where A; and A, are constants, J; and N are the Bessel and Neumann functions of order s,
respectively, s is the radial-azimuthal mode number, and k,, k; are the transverse and
longitudinal wave numbers, respectively. For this function, the relations

2

92,
ACDO s —kZCDO’ ? = _kHZCDO

fulfill; here, the total wave number is introduced as k* = k% + k.
Substituting these relations into Eq. (4), we obtain the dispersion equation

(0.)+K5k||)2
Y2M§

— A(41 + A)] k2 + 4mAk? = 0, (5)

where

(e) .
H i
A(k,k”) = Bk + O(kz = B +MLO + O(kz —M(ngk” + O(G(J.));

Thus, in the general case the dispersion relation contains two components of the wave
vector. The allowed values of k| are determined by the boundary conditions at the inner and
outer surfaces of the nanotube.

In the absence of both dissipation and effective dissipation associated with the

nonadiabatic term, Eq. (5) reduces to
H(e)

0
)
My

2
(o +xskey)” = y*MF (B + k) (Bo+ak?+and), By =B+

so that for the branch with positive real frequency

2
Wy = —kyks + YMq j (Bo + k?) (Bo+ai? +4m %),

The last formula corresponds to the previous papers by the authors that investigate spin waves
in a nanotube without consideration of dissipation and spin current [23], but with additional
term that explicitly shows the Doppler shift produced by the thermoelectric current:

Awp = kyu, = —kyKs.
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Let us note that for a spin wave to exist, the damping Gilbert damping constant a; should not
exceed approximately 0.2. Generally, its value for a typical ferromagnet nanosystem used in
experiments with a spin-polarized current varies approximately from 0.02 to 0.2, see, e.g., [24,
25]. The nonadiabaticity parameter § can also be considered small for typical cases. Thus,
addends that contain product o€ as well as quadratic by a, or £ addends can be omitted in the
dispersion relation. Retaining only terms linear in the small parameters a; and &, and
representing the frequency as w = w, + iw;, one can obtain from Eq. (5) after a set of

transformations
_ aT 2 5 k%
W, = =ik S+ YMo | (Bo + ok?) (B + ak? + 4 L), (6)
ﬁ0+ak2+27r’;—§2' T
w; =— - (aGwr + xSk, 5) (7)
j(ﬁo+ak2)<ﬁo+ak2+4n%>
here x = PT:—fS. The first of these two equations shows that the adiabatic current contribution
0

changes only the real part of the frequency and manifests itself as a Doppler shift. The second
equation shows that the nonadiabatic contribution changes the effective damping of the spin
wave. Depending on the sign of the product ¢xkgk)|, the thermoelectric current may either
increase or decrease the damping, as anticipated in the previous section.

In particular, the condition of compensation of the intrinsic Gilbert damping is

aGyMOJ(ﬁO + ak?) (,80 + ak? + 411’;—%) — (ag — ®xsk = 0. (8)

When this relation is satisfied, the effective damping vanishes. If the temperature gradient is
increased further in the direction for which

a6 YMo \/ (Bo + ak?) (B + ak? + 4mL) - (ag — Dsky <0, ©)

the effective damping becomes negative and the spin wave is excited. Correspondingly, in the
values’ interval of the temperature gradient for which the relation

k2
O(GYMO (BO + O(kz) (BO + O(kz + 4T[k_J2-> - (O(G - E)Ksk” > 0

fulfils, the effective damping increases compared to the case of the absence of the temperature

gradient.

. Prupos oT o :
Since kg = %E’ the threshold value of the temperature gradient is determined by
0
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(Bo +ak2)(ﬁ0+ak2+4n%>
(a_T) _ eagyM? * (10)
0z cr PT“‘BO-S(“G_Z) k“

where the sign of the gradient must be chosen so that the induced current compensates the

Gilbert damping.

Therefore, the thermoelectric spin-polarized current modifies the spin-wave spectrum in
two ways. The adiabatic Zhang-Li term produces the Doppler shift kgk|, whereas the
nonadiabatic term changes the effective damping and under condition (8) may compensate the
intrinsic dissipation. Under condition (9), it leads to spin-wave excitation. This is the principal
difference between the present thermoelectric current-driven case and the previously
considered Slonczewski-type excitation mechanism.

Orthogonal wavenumber spectrum

The spectrum of the transverse (orthogonal) wavenumber k, for dipole-exchange spin
waves in a round ferromagnetic nanotube can be obtained from the boundary conditions for the
magnetic potential and magnetic field on the inner and outer cylindrical surfaces of the
nanotube. A detailed derivation of the corresponding spectral equation for a round nanotube in
the magnetostatic approximation was given earlier by the author in Ref. [26]. In the present
paper, it is not necessary to repeat that derivation in full, since the physical basis of the
calculation remains the same.

Indeed, in the model considered here the thermoelectric spin-polarized current enters the
dynamical equation through the bulk Zhang-Li terms, i.e. through the longitudinal drift
correction and the nonadiabatic damping-like correction. These terms modify the bulk equation
for the spin wave and, correspondingly, the dispersion relation through the effective frequency
shift and the effective damping parameter. At the same time, within the adopted approximation,
they do not change the form of the magnetostatic boundary conditions on the inner and outer
cylindrical surfaces of the nanotube. Therefore, the procedure used earlier for obtaining the
transverse wavenumber spectrum remains applicable to the present case as well.

For a round nanotube, the exact spectrum of k,is determined by the corresponding
boundary-condition equation written in terms of the Bessel and Neumann functions [26]. In the
thin-wall approximation, this equation is substantially simplified. If the nanotube wall thickness
is small compared to the inner radius, so that (b — a)/a « 1, and the longitudinal wavenumber
is small compared to the transverse one, so that k; < k; (which fulfils on the most part of the
k| values' interval, since k; must be greater than or of the same order with the reciprocal length
of the nanotube, while k; for non-zero modes must be greater than or of the same order with
(b — a)™1), then the dependence of the transverse spectrum on k; is weak and the transverse
wavenumber is determined, in the first approximation, by the quasi-one-dimensional standing-
wave condition across the nanotube wall [26]:

k,(b—a)=mnn, n=1273,..
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Thus,
ky =— (11)

The fundamental mode » = 0 should be treated separately from the physical point of view
(as the mode approximately uniform across the wall thickness, for which k;, = 0— while
nonzero modes n > 0 are described by the thin-wall standing-wave model). As the expression
(11) formally fulfils when n = 0 (fundamental mode), the expression (11) with n starting with
0 will be used in the following paper section — however, as we will see form the analysis, the
spin wave pattern is essentially different for the fundamental mode compared to the higher
modes.

Hence, in the present problem the thermoelectric spin current modifies the real and
imaginary parts of the spin-wave frequency, but does not change the leading-order form of the
transverse quantization rule. The latter remains the same as for the round nanotube without spin
current, provided the above conditions are fulfilled and the spin current is not strong enough to
change the equilibrium magnetic configuration of the nanotube.

Results and discussion

Let us analyze the obtained results.

As it has already been mentioned before, the above-obtained dispersion relation shows
that the thermoelectrically induced spin-polarized current influences the spin-wave spectrum in
two qualitatively different ways. First, the adiabatic Zhang-Li term produces a shift of the real
part of the frequency through the replacement w — wegr = w + kgkj. Thus, the thermoelectric
current causes a current-induced Doppler shift of the spin-wave spectrum. This result is
consistent with the general physical picture of spin-wave Doppler shift in conducting
ferromagnets carrying a spin-polarized current [22]. Let us note that the sign of this shift is
determined by the sign of the product kgk. Therefore, spin waves propagating in opposite
directions along the nanotube axis become nonequivalent in the presence of the temperature
gradient. In this sense, the thermoelectric current removes the symmetry between the modes
with +k and —k.

Second, the nonadiabatic Zhang-Li term enters the imaginary part of the frequency
together with the Gilbert damping term. As a result, the temperature gradient affects not only
the phase velocity of the spin wave, but also its attenuation. Depending on the sign of the
product kgk;, the nonadiabatic contribution may either partially compensate the intrinsic
dissipation or increase it. Hence, the temperature gradient may either facilitate spin-wave
excitation or suppress the propagation of already existing modes. In contrast to the adiabatic
term, which influences only the real part of the frequency, the nonadiabatic term acts as a
damping-like correction.

A special case corresponds to the point a; = &. Current-dependent term in the imaginary
part of the frequemcy is proportional to (o — )xsk. Therefore, at a; = & the contribution of
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the thermoelectric spin current to the effective damping vanishes, and the imaginary part of the
frequency reduces to the ordinary damping term,

w; = — (ﬂ0+ak2+2n ’;—;),
in the adopted normalized notation. Correspondingly, the critical temperature gradient is
proportional to 1/(ag — €) and tends to 400 or —oo (when ag — &) from opposite sides. Thus,
the point ag = & separates two qualitatively different regimes of the influence of the
thermoelectric current on spin-wave damping: on one side of this point the current decreases
the damping, whereas on the other side it increases it. Exactly at ag = €, the thermoelectric
current produces only the Doppler shift of the real part of the frequency and does not affect the
damping.

An important limiting case is the absence of the temperature gradient, so kg = 0. Then,
the obtained expressions reduce to the previously known results for dipole-exchange spin waves
in a ferromagnetic nanotube without spin current. In turn, if the spin current is present but the
nonadiabaticity parameter is neglected, the temperature gradient affects only the real part of the
frequency and does not change the attenuation of the wave. Thus, the roles of the adiabatic and
nonadiabatic terms are clearly separated in the analytical results.

The obtained expressions also make it possible to identify the conditions under which the
effect of the thermoelectric current is most pronounced. Since the correction to the real part of
the frequency is proportional to kj, the Doppler shift vanishes for purely transverse standing
modes and increases with increasing longitudinal wave number. However, the relative
contribution of this shift to the total frequency decreases in the short-wave exchange-dominated
regime, where the main part of the frequency grows approximately as k2. Therefore, the relative
influence of the thermoelectric current on the dispersion law is expected to be most visible in
the intermediate region of wave numbers, where the exchange and magnetostatic contributions
are comparable.

A similar conclusion follows for the condition of spin-wave excitation, but only for the
fundamental mode. The threshold temperature gradient is determined by the condition of
compensation of the Gilbert damping by the nonadiabatic current-induced term, see (10). Its
dependence on k) features a pole in the point k=0, in the vicinity of which
(0T /0z) oy ~const/k),. Analysis shows that with increasing of |k, for the fundamental mode
(n=0)|(0T/0z),| reaches minimum value and then start increasing, but for the higher modes
the dependence becomes monotonous instead. Hence, the excitation of spin waves by the
thermoelectric current is expected to be most efficient for the short waves at the higher modes
(n > 0). However, for the fundamental mode, this excitation is expected to be most efficient not
for the longest or shortest waves, but for modes with finite k.

It is also important that, within the adopted approximation, the thermoelectric current
modifies the frequency and damping of the spin wave but does not change the leading-order
quantization rule for the transverse wavenumber. Therefore, the transverse mode structure of the
nanotube is still determined primarily by its geometrical parameters, whereas the temperature
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gradient controls the propagation and attenuation of these modes along the nanotube axis. This
means that the geometrical quantization and the thermoelectric current-induced effects can be
treated as two relatively independent mechanisms of spin-wave spectrum formation.

Let us make graphical representations of the obtained results in the absence of the external
magnetic field (Hée) = 0, By = B) for a nanotube with the thickness b-a = d = 10 nm. From the
expression for the orthogonal spectrum (11) implies that for the condition k; < k; to fulfill,
the values of k|| should be limited by approximately 10% cm™!. Then, if the NisoFe2o ferromagnet
is chosen as the nanotube material (its parameters for the graphs below are taken from the papers
[27-29]), the dependencies of the real and imaginary parts of the spin wave frequencies (defined
by the dispersion laws (6), (7)) on the longitudinal wavenumber k| and the temperature gradient

Z_Z for the first three transversemodes (n = 0, n = 1 and n = 2) are as follows (Figs. 2,3):

Wy,

1010Hz 554

Fig. 2. Dependencies w, (k",g—Z) for the nanotube material NisoF e,
nanotube thickness d = 10 nm and (a) n =0, (b)n=1, (c)n =2
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Fig. 3. Dependencies a)l-(k",(;—b for the nanotube material NisoF ey,
nanotube thickness d = 10 nm and (a) n =0, (b)n =1, (c)n =2

As it can be seen from the Figs. 2, 3, dependencies for both real and imaginary parts of
the frequency on k",g—: have similar looks for different transverse modes, but on essentially

different scales (within two orders of magnitude for these three modes — and that’s why they
have been displayed on separate graphs for each transverse mode). There are pronounced

dependencies on Z—Z (everywhere except for the region where k| is close to 0), which shows that
the thermoelectrically induced spin-polarized current can noticeably modify both the real and
imaginary parts of the spin-wave frequency in the considered parameter range. The

. ] . L . . : .
dependencies on a—z are linear, but not symmetric with respect to inverting the sign of this value.

The dependencies on kj, however, are not linear. For w,, they are close to parabolic (in fact, a
sum of linear function and a function that is close to parabolic, but the linear part is weakly
pronounced for the used set of the ferromagnet parameters), with the minimal value
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w, = ByM, = 0.17 GHz (for the used set of the ferromagnet parameters) achieved when n = 0,
k, = 0. Dependencies w; (k) are close to monotonous, having weakly pronounced maximum.
Analysis of the Eq. (7) shows that for n = 0, this maximum takes place when

ke = k(max) — K(aG - E)a_T
=0 205yMya 0z

and for n > 0 the maximum condition (in the same practically important limit k; < k) takes

form

k(ag — &) f + ak? +2m aT
20,7 M, (a— i—’f) J(B+ak?)(B+ak?+4m) 02

1

= k" =

Let us note that on the condition ak? — 21 < 0, the extremum given by the above formula is a
minimum, not a maximum. In that case one has to retain higher-order terms in k;/k; when

analyzing Eq. (7) for the extremum condition.

Y ] : .
Dependencies — (k;, —T) for the same nanotube configuration are represented on the Fig. 4.
Wy Py

10

(@
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Fig. 4. Dependencies % (ky, 3—2) for the nanotube material NisoFex,
T

nanotube thickness d = 10 nm and (a) n =0, (b)n=1, (c) n =2
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Fig. 5. Logarithmic dependencies a) lny—M0 (k"'Z) and b) In(— e (k",a))
for the nanotube material NisoFez) and nanotube thickness d = 10 nm
As one can see from the Fig. 4, the dependencies % (ky, Z—Z) for the zero mode n =0 and
higher modes » > 0 differ qualitatively. Modes with n =1 and n = 2 have similar form; while

they both look like saddle surfaces, in fact the dependencies on Z—Z for both of them are
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monotonous, close to linear ones. The dependencies on k; for higher modes (» > 0) contain
single global minimum each. The dependence for the fundamental mode » = 0 turns out to be
much more complex — with dependence on k; having one local maximum and one local

. . ] : ;
minimum at the points k) = +,/B/a (except for the case a—z = 0 for which % = —0g =
T

const), asymptotically approaching the value —a; for big in absolute k;; (both positive and
negative).
As it can be seen from the Fig. 5, visualizing logarithmic variations of the dependencies

Wy (k",g—Z), (Di(ku'g_Z) for different transverse modes on a single graph (for each part of the

frequency) allows to visualize the characteristic scale differences for different modes but not
differences of the dependencies themselves. Because of the characteristic scale differences,
only the dependencies for the mode n = 0 look distinguishable while dependencies for n = 1
and n =2 look planar. (In normal, non-logarithmic visualizations dependencies for all three
modes appear planar).

Conclusions

Thus, a theoretical study of dipole-exchange spin waves in a conducting ferromagnetic
nanotube with the easy axis directed along the nanotube axis has been carried out in the current
paper. A temperature gradient is assumed to be applied along the nanotube, generating a
thermoelectrically induced spin-polarized current. In contrast to the authors’ previous papers
[6,7] (in which different source of a spin current has been considered), the interaction of the
current with the spin-wave subsystem was described in the physically consistent Zhang-Li
form, which is appropriate for a single conducting ferromagnet in which the current is generated
inside the same magnetic body. Within this approach, the adiabatic and nonadiabatic current-
induced terms were introduced into the Landau-Lifshitz equation, and the corresponding
equation for the magnetic potential, dispersion relation, and spin-wave excitation conditions
were obtained.

It has been shown that the thermoelectric spin-polarized current influences the spin-wave
spectrum in two qualitatively different ways. The adiabatic current contribution leads to a
Doppler shift of the real part of the spin-wave frequency and, therefore, removes the
equivalence of waves propagating in opposite directions along the nanotube axis. The
nonadiabatic contribution modifies the imaginary part of the frequency and, depending on the
direction and magnitude of the temperature gradient, may either increase the effective damping
or partially compensate it, or lead to a spin wave generation. Thus, the temperature gradient
acts as a control parameter not only for the spin-wave phase velocity, but also for the attenuation
and generation of spin waves.

It has also been established that the compensation of the intrinsic Gilbert damping by the
nonadiabatic current-induced term determines the threshold value of the temperature gradient
required for spin-wave excitation. A special case corresponds to the point o; = &, at which the
effective damping vanishes, while the Doppler shift of the real part of the frequency remains

ISSN 1607-8829 Journal of Thermoelectricity Ne2, 2026 35



V.V. Kulish, S.I. Yeromin
Theory of Dipole-Exchange Spin Waves in a Ferromagnetic Nanotube in the Presence...

finite. Therefore, this point separates two qualitatively different regimes of the influence of the
thermoelectric current on spin-wave damping.

The analysis of the transverse spectrum has shown that, within the adopted
approximation, the thermoelectric current does not change the leading-order quantization rule
for the orthogonal wavenumber. Hence, the transverse mode structure of the nanotube remains
determined mainly by its geometry, whereas the temperature gradient governs the longitudinal
propagation and attenuation of the modes. In the thin-wall approximation, the higher transverse
modes obey the usual quasi-one-dimensional standing-wave condition across the nanotube
wall, while the fundamental mode should be treated separately as a mode approximately
uniform across the thickness.

The numerical analysis performed for a permalloy nanotube has demonstrated that the
current-induced modifications of the spectrum are most pronounced for the fundamental mode.
For all investigated modes, the real part of the frequency exhibits a clear Doppler-type
dependence on the temperature gradient, while the imaginary part reveals the possibility of
damping control and spin-wave excitation. At the same time, the characteristic scales of the
frequency strongly differ for different transverse modes, which indicates that the thermoelectric
current affects the low-lying and higher modes in quantitatively different ways. Values’ interval
for the real part of the spin wave frequency starts from 0.17 GHz and reaches THz region for
higher (non-fundamental) spin wave modes.

Thus, the obtained results show that a temperature gradient in a conducting ferromagnetic
nanotube can serve as an efficient means of controlling the spectrum, nonreciprocity, damping,
and excitation of dipole-exchange spin waves. This makes the considered nanosystem
promising for thermally controlled magnonic devices, in which spin-wave transport and
generation can be tuned by thermoelectric means without the need for an external spin injector.
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Hauionansauii TexHiyHuN yHiBepcuTeT YKpainu « KHiBChKUH MO TEXHIYHUIHA
iHcTUTyT iMeHi Iropst Cikopebkoroy, mpoctt. bepecteiichknit, 37, 03056, Kuis, Ykpaina

Teopist IMNOJIbHO-00MIHHMX CIIIHOBUX XBWIb y (epOMATHITHI HAHOTPYOL|
32 HASAIBHOCTI TEPMOEJEKTPUYHO IHAYKOBAHOIO CIiH-NIEPEHOCHOT0 MOMEHTY

B pobomi npedcmasneno meopemuune 00CaioHcenHs OUNOIbHO-0OMIHHUX CRIHOBUX X6UTb
V NpogioHil epomacHimuil HaHompyoOyi, wo nepedysae nid 0i€r NO3008IHCHLO2O
memnepamypHoeo epadicuma. Temnepamypnutli epadienm 3a80aKku egekmy 3ecOexa
2eHepYE eleKMpUYHULL CIMpyM, AKull y (epomasHemuxy Cmae CniH-NOIAPU308AHUM MA
3YMOBIIOE GUHUKHEHHS CIIIH-NEPEHOCHO20 MOMEHMY, W0 0I€ Ha HamacHiyeHicmy. [JJunamika
HamaeHiveHocmi onucyemvcsi 6 medcax @opmanizmy Jlanoay—Jligwuys—Iinebepma,
00NOBHEHO20 UNeHAMU CRIH-NEPEeHOCH020 MOMenmY V ¢hopmi Zhang—Li, sxi eionogioarome
adiabamuunomy ma Healdiabamuunomy cnin-nepenocy. Ompumano auarimuune
oucnepciliHe CniGgIOHOWIeHHs Ol CHIHOBUX X8Ulb ) MOHKOCMIHHIU HAHOMPYOYi 3
OOHOBICHOI MACHIMHOK AHIZ30MPONIEI0 3 YPAXYBAHHAM AK OOMIHHOI, Max i Ounofiv-
ounonvHoi  83acmooin. Iloxazano, wo mepmoereKmpusHo IHOYKOBAHULL  CHiH-
NOAPUZ0BAHULL CIMPYM  NPU3B00UMb 00 NOABU OONIEPON0OiOHO20 3CY8Y V CHeKmpi
CHIHOBUX X6Ub MA 3MIHIOE ehekmueHe 3azacauHsi. Busnaueno xkpumuune 3HAYEHHHS
MeMnepamypHo2o epadieHmy, 3a sKo2o0 HeadiabamuuHuu CHiH-NePeHOCHUU MOMEeHM
KOMNEHCYE 6l1ACHe 2iTbOepmiBcbke 3a2ACaHH, 3 NOOAILULOIO 2EHEPAYIEIO CRIHOBUX XGUTD.
YucenbHi oyiHKU 0151 HAHOMPYOOK 3 NEPMATION NOKA3YIOMb, WO 3A3HAYEeHUl edheKm Modce
Oymu cymmesum 3a eKCnepumMeHmaibHo 00CANCHUX napamempis. Ompumani pe3yiomamu
BUABIAIOMb NPAMULL 36 30K MIdC MEPMOCTEKMPUUHUM NEPEHOCOM 3apsady ma OUHAMIKOIO
CNIHOBUX XBUMb Y GUKPUBGTECHUX MASHITMHUX HAHOCMPYKIMYPAX, W0 NIOKPecuioe nomenyian
depomaznimuux HaHompybox  AK enemMeHmis CHIH-KAIOPUMPOHHUX ma
mepmoeneKmpuyHuUxX NPUcCmpois.
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